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By means of the analytical-and-numerical-combined method (ANCM), the natural
frequencies and the corresponding mode shapes of a uniform rectangular flat plate carrying
any number of point masses and translational springs are determined. The boundary
(supported) conditions of the plate and the magnitudes and locations of the concentrated
elements are arbitrary. First, the closed form solution of the natural frequencies and the
normal mode shapes of the ‘‘unconstrained’’ plate (without any concentrated elements
attached) are obtained. Second, based on the closed form solution and using the mode
superposition technique, the eigenvalue equation of the ‘‘constrained’’ plate (with any
number of concentrated elements attached) is derived. Finally, the eigenvalue equation is
solved numerically to give the desired natural frequencies and mode shapes of the
‘‘constrained’’ plate.

Under the condition that the accuracies of the sought natural frequencies are
approximately the same, the order of the eigenvalue equation derived from the ANCM is
much lower than that derived from the traditional finite element method (FEM). Thus the
CPU time required by the ANCM is much less than that required by the FEM.

Furthermore, the ANCM is also superior to the pure analytical (closed form solution)
method, since the former (ANCM) is available for free vibration analysis of a uniform
rectangular flat plate carrying any number of concentrated elements, but the latter is usually
practical only for single concentrated elements.
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1. INTRODUCTION

For convenience, a plate with prescribed boundary conditions without carrying any
concentrated elements (such as point masses and/or translational springs) is called the
‘‘unconstrained’’ plate, and one carrying any number of concentrated elements is called
the ‘‘constrained’’ plate in this paper. The analytical (closed form) solutions for the natural
frequencies and mode shapes of a uniform ‘‘unconstrained’’ rectangular plate with various
boundary conditions are easily obtained from the existing literature [1–4]. However, those
of a uniform ‘‘constrained’’ rectangular plate are relatively fewer. For a uniform simply
supported (all around) constrained rectangular plate carrying a concentrated mass,
Gershgorin [1, 5] presented a closed form solution in 1933, and Amba-Rao [6] presented
another closed form solution in 1964. Magrab [7] extended Amba-Rao’s solution to include
a plate simply supported on two opposite edges with the remaining two edges being simply
supported, clamped or free, by using the combination of both the finite-sine transform and
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the Laplace transform in 1968. Shah and Datta [8] derived (1969) the analytical equations
of motion of a rectangular constrained plate available for various boundary conditions.
Although, the theory is valid for any number of point masses with moment of inertias,
only the closed form solutions for the simple case of a concentrated mass with a moment
of inertia are illustrated. In 1993, Ingber et al. [9] studied experimentally the vibration
problem of a clamped (all around) rectangular plate with a spring–mass attachment by
using a modal analysis technique, and numerically by using a mixed boundary – finite
element method. For a thin rectangular plate having two opposite edges simply supported
and with the other two edges being simply supported, clamped or free, Bergman et al. [10]
presented (1993) a closed form solution for the plate with a central rigid support and that
with an undamped single-degree-of-freedom linear oscillator.

It is obvious that all of the above-mentioned problems can be solved by the conventional
finite element method (FEM) with little difficulty, but much more computing time is
usually required. The analytical-and-numerical-combined method (ANCM) presented in
this paper aims at avoiding the algebraic difficulties of the pure analytical method and the
time-consuming nature of the FEM. The first author of the paper employed the ANCM
for the first time to determine the natural frequencies and mode shapes of a uniform Euler
beam carrying any number of point masses [11] in 1990, and then extended the theory to
the free and forced vibration analyses of a Timoshenko beam with any number of
translational and rotational springs and lumped masses with moment of inertias [12] in
1995. The problem presented in this paper is the third one that the first author has solved
by using the ANCM. Instead of the half-interval method used in reference [11] and [12],
the Jacobi method [13] is used to solve the eigenvalue problem in this paper, since the latter
is more effective than the former for the present problem.

To demonstrate the effectiveness of the ANCM, the first five natural frequencies
v̄i (i=1, . . . , 5) of a uniform square plate (with dimensions 2 m×2 m×0·005 m)
carrying a point mass (with a magnitude of 50 kg) are calculated by the ANCM and the
FEM [14] and then compared with those calculated by exact solution [5, 6]. It is found
that the accuracy of v̄i (i=1, . . . , 5) obtained from the ANCM is much better than that
obtained from the FEM. Additionally, the CPU time required by the ANCM is only
0·948% of that required by the FEM. Furthermore, to illustrate the application of the
presented theory, the free vibration analysis of a rectangular plate (2 m×3 m×0·005 m)
carrying three concentrated masses (70, 50 and 60 kg) and three translational springs (with
the spring constants 106, 104 and 105 N/m) located at the arbitrary positions and with four
kinds of boundary conditions is made. It is found that the first five natural frequencies
obtained from the ANCM are in good agreement with those obtained from the FEM, and
the CPU time required by the ANCM is less than 2·31% of that required by the FEM
for each boundary condition.

2. EQUATION OF MOTION AND ANALYTICAL SOLUTION FOR AN
UNCONSTRAINED PLATE

By neglecting the effects of shear deformation and rotatory inertia, the equation of
motion of a uniform rectangular unconstrained plate is given by [15]

DE94w(x, y, t)+ r
12w(x, y, t)

1t2 = p(x, y, t), (1)

where 94 = 14/1x4 +214/1x21y2 + 14/1y4 is the biharmonic operator, DE =Eh3/[12(1− n2)]
is the flexural rigidity, E is the Young’s modulus, h is the thickness, n is the Poisson ratio,
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r is the mass per unit area of the plate, w(x, y, t) is the transverse deflection at position
(x, y) and time t, and p(x, y, t) is the transverse external loading.

Based on the mode superposition theory [16], the value of w(x, y, t) due to forced
vibration may be obtained from

w(x, y, t)= s
n'

i=1

W� i (x, y)qi (t), (2)

where W� i (x, y) is the ith ‘‘normal’’ mode shape of the ‘‘unconstrained’’ plate, qi (t) is the
ith generalized co-ordinate, and n' is the mode number. For convenience of derivations,
the normal mode shapes for a specified boundary condition may take various forms, but
they must be arranged according to the magnitudes of the corresponding natural
frequencies from the lowest mode to the higher modes. In other words, the corresponding
natural frequency vi of W� i (x, y) must be in the order v1 Qv2 Qv3 Q . . ..

Substituting equation (2) into equation (1), pre-multiplying both sides of the resulting
equation by W� j (x, y), integrating the obtained expression over the area A of the plate and
applying the orthogonality of the mode shapes, one obtains

M�jj q̈j (t)+K�jjqj (t)=P�j (t), j=1, . . . , n', (3)

where

M�jj =gA

W� jrW� j dA, K�jj =gA

W� jDE94W� j dA, P�j (t)=gA

p(x, y, t)W� j dA (4a–c)

represent the generalized mass, generalized stiffness and generalized force, respectively.
If W� j is a ‘‘normal’’ mode shape (with respect to r), then M�jj =1·0, and equation (3)

reduces to

q̈j (t)+v2
j qj (t)=P�j (t), j=1, . . . , n', (5)

where

vj =zK�jj /M�jj =zK�jj (6)

is the jth natural frequency of the unconstrained plate. If the external load is a concentrated
force with magnitude P� and location (xl , yl ), then equation (5) reduces to

q̈j (t)+v2
j qj (t)=P�(xl , yl , t)W� j (xl , yl ), j=1, . . . , n'. (7)

3. EIGENVALUE EQUATION OF A CONSTRAINED PLATE

For a constrained plate performing free vibration, if the inertia forces of the
concentrated masses and/or the restoring forces of the translational springs are considered
the external exciting forces, then the forced vibration equation (7) for an ‘‘unconstrained’’
plate may be used to determine the natural frequencies and mode shapes of a
‘‘constrained’’ plate.
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Figure 1. A rectangular plate carrying a concentrated mass mc at point A(xa , ya) and a translational spring
kz at point B(xb , yb).

In Figure 1 is shown a rectangular plate carrying a concentrated mass mc located at point
A(xa , ya ) and a translational spring kz located at point B(xb , yb ). The external forces on
the plate during free vibration are given by

P�(xa , ya , t)=−mc
12w(xa , ya , t)

1t2 =−mc s
n'

i=1

12qi (t)
1t2 W� i (xa , ya ), (8a)

P�(xb , yb , t)=−kzw(xb , yb , t)=−kz s
n'

i=1

W� i (xb , yb )qi (t), (8b)

where mc is the magnitude of the concentrated mass and kz is the spring constant of the
translational spring.

For a rectangular plate carrying p concentrated masses and q translational springs, from

Figure 2. A uniform square plate carrying a concentrated mass mc,1 =50 kg located at j=0·25 and h=0·25.
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T 1

The accuracy of FEM and ANCM and the CPU times required by each method

Natural frequencies (rad/s)
ZXXXXXXXXXXXXXCXXXXXXXXXXXXXV CPU

Method v̄1 v̄2 v̄3 v̄4 v̄5 time (s)

Finite element 32·503 63·913 97·130 130·077 182·947 633
method (FEM) (2·130%) (0·940%) (1·797%) (1·829%) (1·262%)

Present method 31·814 63·232 95·415 127·616 180·593 6
(ANCM) (−0·034%) (−0·136%) (0.000%) (−0·098%) (−0·046%) (0·948%)

Exact 31·825 63·318 95·415 127·741 180·677 10
solution [5] (1·50%)

equations (7) and (8) one obtains the following equations of motion of the ‘‘constrained’’
plate:

q̈j (t)+v2
j qj (t)=− s

p

l=1

mc,lW� j (xl , yl ) s
n'

i=1

W� i (xl , yl )q̈i (t)

− s
q

u=1

kz,uW� j (xu , yu ) s
n'

i=1

W� i (xu , yu )qi (t), j=1, . . . , n'. (9)

When the constrained plate performing harmonic free vibration, the generalized
co-ordinate qj (t) takes the form

qj (t)= q̄j eiv̄t, (10)

where q̄j is the amplitude of qj (t) and v̄ is the natural frequency of the constrained plate.
The substitution of equation (10) into equation (9) yields

v2
j q̄j + s

q

u=1

s
n'

i=1

kz,uW� j (xu , yu )W� i (xu , yu )q̄i

=v̄2q̄j + v̄2 s
p

l=1

s
n'

i=1

mc,lW� j (xl , yl )W� i (xl , yl )q̄i j=1, . . . , n'. (11)

Let

{W�}n'×1 = {W�1, W�2, . . . , W�n'}n'×1, {q̄}n'×1 = {q̄1, q̄2, . . . , q̄n'}n'×1,

[ v2 ]n'× n' = (v2
1 , v2

2 , . . . , v2
n'+n'× n', [ I ]n'× n' = (1, 1, . . . , 1+n'× n',

[W�]n'× n' = {W�}{W�}T, [A]n'× n' = s
p

l=1

mc,l [W�(xl , yl )], [B]n'× n' = s
q

u=1

kz,u [W�(xu , yu )],

(12)

then equation (11) may be rewritten as

[%v2 ]{q̄}+[B]{q̄}= v̄2([ I ]+ [A]){q̄} (13)
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or

[A']{q̄}= v̄2[B']{q̄}, (14)

where

[A']n'× n' = [%v2
%]+ [B], [B']n'× n' = [%I%]+ [A]. (15)

In the above expressions, the symbols {}, (
+ and [] represent a column matrix, a diagonal

matrix and a square matrix, respectively.
Equation (14) is the eigenvalue equation for a constrained plate. By means of the Jacobi

method [13] one can obtain the eigenvalue v̄j (j=1, . . . , n') and the eigenvector {q̄}( j)

(j=1, . . . , n'). It has been shown that v̄j is the jth natural frequency of the ‘‘constrained’’
plate, and the corresponding natural mode shape w̃j (x, y) may be obtained from equation
(2) and (10); i.e.,

w̃j (x, y)= s
n'

i=1

W� i (x, y)q̄( j)
i = {W�(x, y)}T{q̄}( j). (16)

Figure 3. The first four mode shapes of the constrained square plate, w̃i(j, h), i=1, . . . , 4, located at (a)
j=0·25 and (b) j=0·5, obtained from ANCM (——) and FEM (– – –).
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T 2

The influence of mode number (n') on the accuracy of v̄i (i=1, . . . , 5) obtained from ANCM

Natural frequencies (rad/s)
Mode number ZXXXXXXXXXXXXXXXCXXXXXXXXXXXXXXXV

n' v̄1 v̄2 v̄3 v̄4 v̄5

5 32·09615 65·69693 95·41480 131·8190 186·57945
(0·853%) (3·757%) (0·000%) (3·192%) (3·267%)

10 31·92111 64·10893 95·41480 128·89220 181·43062
(0·303%) (1·249%) (0·000%) (0·901%) (0·417%)

15 31·90498 63·97278 95·41480 128·68289 181·28362
(0·252%) (1·034%) (0·000%) (0·737%) (0·336%)

20 31·86469 63·64099 95·41480 128·20291 180·97408
(0·126%) (0·510%) (0·000%) (0·361%) (0·165%)

25 31·82716 63·33741 95·41480 127·76774 180·69269
(0·003%) (0·030%) (0·000%) (0·021%) (0·009%)

30 31·81399 63·23190 95·41475 127·61601 180·59301
(−0·034%) (−0·136%) (−0·000%) (−0·098%) (−0·046%)

Exact solution 31·82478 63·31816 95·41495 127·74139 180·67666

4. NUMERICAL RESULTS AND DISCUSSION

4.1.        

To check the reliability of the present theory and the computer program developed for
this paper, the first five natural frequencies and mode shapes of a uniform simply supported
(SSSS) square plate carrying a concentrated mass mc,1 = 50.0 kg located at j= x/a=0·25
and h= y/b=0·25 as shown in Figure 2 are determined by using the present
analytical-and-numerical-combined method (ANCM) and the conventional finite element
method (FEM). Then, the two kinds of numerical (approximate) solutions are compared
with the analytical (exact) solution [5], as shown in Appendix 2. The given data are: side
length in x direction, a=2·0 m; side length in y direction, b=2·0 m; plate thickness,
h=0·005 m; Young’s modulus, E=2·051×1011 N/m2; mass per unit area of plate,
r=39·25 kg/m2; Poisson ratio, n=0·3.

Figure 4. A uniform rectangular plate carrying three concentrated masses (mc,1–mc,3) and three translational
springs (kz,1–kk,3).
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Figure 5. The four support conditions of the rectangular plate studied: (a) SSSS; (b) SSSC; (c) SCSC; (d) SFSF.

From the above-mentioned comparisons between ANCM, FEM and the exact solution
[5], one finds that the accuracy of ANCM with 30 modes is approximately equal to that
of the FEM with 64 plate elements. For this reason, the subsequent comparisons are based
on the following criterion: the total number of plate elements for the FEM is 64 (the size
of each element is (a/8)× (b/8), the total number of modes for the ANCM is 30, and that
for the exact solution is 30 (i.e., m=6, n=5, n'=m× n=30). From Appendix 1 one
sees that the degree of freedom for each plate element is 3×4=12 (as shown in Figure A1
below) and the element stiffness matrix [K'(n)]c and the element mass matrix [M'(n)]c for the
‘‘constrained’’ plate, as shown in equations (A4) and (A5), are the 12×12 square matrices.

Since the total number of modes taken by the ANCM or the exact solution is n'=30,
30 natural frequencies and 30 mode shapes of the constrained square plate may be
obtained. For simplicity, only the first five are shown in Table 1 and Figure 3. The figures in
parentheses in the last column of Table 1 represent the percentage ratios of (CPU)ANCM or
(CPU)exact to (CPU)FEM , i.e., (CPU)m ×100%/(CPU)FEM , where (CPU)ANCM , (CPU)exact and
(CPU)FEM represent the CPU times required by the ANCM, the exact solution and FEM,
respectively, and m=ANCM or exact. The figures in the other parentheses in Table 1
represent the percentage errors between natural frequencies evaluated by the formula

error= [(v̄i − v̄i,exact )/v̄i,exact ]×100%, i=1, . . . , n',

where v̄i is the ith natural frequency obtained from ANCM or FEM. From Table 1 one
sees that the accuracy of FEM is worse than that of ANCM, but the CPU time required
by the FEM is more than 100 times of that required by the ANCM. The computer machine
used is a Sun SPARC station.
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Since the entire plate is composed of 64 elements (see Figure A1 below), the total degree
of freedom for the simply supported (SSSS) plate is (3×81)− (2×32)−4=175 and the
overall stiffness matrix [K]c and the overall mass matrix [M]c appearing in equation (A6)
are 175×175 square matrices. However, the matrices [A'] and [B'] defined by equation
(15) and derived from the ANCM are the n'× n' (=30×30) ones. It is evident that
n'�175 is the main reason why the CPU time required by the ANCM is much less than
that required by conventional FEM. Actually, a special-purpose computer program is used
in this paper instead of the multi-purpose FEM computer package (software) and,
therefore, the comparison of CPU times made in this paper should be fair. Additionally,
for a thin plate the efficiency of the ANCM is not affected by factors such as the aspect
ratio or the plate thickness.

In Figure 3 are shown the first four mode shapes w̃i (j, h) (i=1, . . . , 4) located at
j=0·25 and j=0·5, respectively. The solid lines represent the mode shapes obtained from
the present method (ANCM) and the dashed lines represent those obtained from FEM.
It is evident that they are in good agreement.

4.2.     (n')      

In theory, equation (2) is correct only if the mode number n' approaches infinity (i.e.,
n':a) but, in practice, equation (2) will give satisfactory results by taking only a few
modes. To realize the influence of the mode number n' on the accuracy of the natural
frequencies of a constrained plate, the ones of the square plate shown in Figure 2 are
calculated by means of the ANCM with mode number n'=5, 10, 15, 20, 25 and 30, and
then compared with the corresponding ones obtained from the exact solution [5] as shown
in Table 2. The figures in parentheses in Table 2 represent the percentage errors between
the natural frequencies obtained from the ANCM and those obtained from the exact
solution. It can be seen that all of the percentage errors are less than 1·25% if the mode

T 3

The first five natural frequencies of the constrained plate shown in Figure 4 with the four
support conditions shown in Figure 5

Natural frequencies (rad/s) CPU
Supported ZXXXXXXXXXXXXXCXXXXXXXXXXXXXV time
conditions Methods v̄1 v̄2 v̄3 v̄4 v̄5 (s)

SSSS FEM 28·831 39·775 47·158 82·898 105·352 633

ANCM 28·632 39·392 48·084 81·638 104·038 6
(−0·690%) (−0·963%) (1·964%) (−1·520%) (−1·247%) (0·948%)

SSSC FEM 29·144 42·047 47·311 101·846 107·426 562

ANCM 29·116 41·669 47·902 99·826 105·447 9
(−0·096%) (−0·899%) (1·249%) (−1·983%) (−1·842%) (1·601%)

SCSC FEM 31·461 43·880 48·664 102·370 120·807 433

ANCM 31·409 43·502 49·290 100·783 118·478 10
(−0·165%) (−0·861%) (1·286%) (−1·550%) (−1·928%) (2·309%)

SFSF FEM 24·762 27·392 39·800 46·760 58·585 937

ANCM 24·239 26·948 38·866 47·116 58·588 14
(−2·112%) (−1·621%) (−2·347%) (0·761%) (0·005%) (1·494%)
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Figure 6—caption on page 191

number is larger than 10 (i.e., n'e 10). In fact, from the computer output one finds that
the following conclusion drawn in references [11] and [12] is also valid for the present
problem. Let n' be the mode number taken by the ANCM; then the accuracy of the lowest
n'−1 natural frequencies obtained will be acceptable.

4.3.   

In this section, the ANCM is used to calculate the first 30 natural frequencies v̄i

(i=1, . . . , 30) and the corresponding mode shapes W	 i (j, h) of a uniform rectangular plate
carrying three concentrated masses mc,l (l=1, . . . , 3) and three translational springs kz,u

(u=1, . . . , 3) (see Figure 4), to demonstrate the availability of the ANCM for a general
constrained plate. The given data of the present example are: a=2·0 m, b=3·0 m,
h=0·005 m, E=2·051×1011 N/m2, r=39·25 kg/m2, n=0·3, and

mc,1 = 70·0 kg, jm,1 = 0·375, hm,1 = 0·25,

mc,2 = 50·0 kg, jm,2 = 0·5, hm,2 = 0·625,

mc,3 = 60·0 kg, jm,3 = 0·75, hm,3 = 0·5,
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kz,1 = 106 N/m, jk,1 = 0·125, hk,1 = 0·25,

kz,2 = 104 N/m, jk,2 = 0·5, hk,2 = 0·5,

kz,3 = 105 N/m, jk,3 = 0·625, hk,3 = 0·625,

where (jm,i , hm,i ) and (jk,i , hk,i ) represent the locations (or co-ordinates) of the ith
concentrated mass mc,i and the ith translational spring kz,i , respectively.

Four support (boundary) conditions of the constrained plate are studied here. For
convenience, a four-letter acronym is used to designate the type of support, starting at the
left edge and proceeding in a counterclockwise direction. Hence, if the clamped, free and
simply supported edges are denoted by C, F and S, respectively, then the boundary
conditions of Figures 5(a)–(d) may be represented by SSSS, SSSC, SCSC and SFSF,
respectively.

In Table 3 are shown the first five natural frequencies v̄i (i=1, . . . , 5) of the constrained
plate shown in Figure 4 with the four supported conditions shown in Figure 5. In
Figure 6(a)–(d) are shown the corresponding four transverse modal displacements for the
four support conditions (a) SSSS, (b) SSSC, (c) SCSC and (d) SFSF; where (a)(i)–(d)(i)

Figure 6—caption on page 191
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Figure 6—caption opposite

represent those located at j=0·375, i.e., w̃i (0·375, h) and (a)(ii)–(d)(ii) represent those
located at h=0·375, i.e., w̃i (j,0·375).

The figures (x) in parentheses of the last column in Table 3 represent the percentage
ratios of the CPU times required by ANCM, (CPU)ANCM , to those required by FEM,
(CPU)FEM , i.e., (x%)=(CPU)ANCM ×100%/(CPU)FEM , and the figures (y) in the other
parentheses in Table 3 represent the percentage ‘‘difference’’ between the natural
frequencies obtained from ANCM, v̄i,ANCM , and those obtained from FEM, v̄i,FEM , i.e.,
(y%)=(v̄i,ANCM − v̄i,FEM )×100%/vi,FEM . It is noted that percentage ‘‘difference’’ instead
of percentage ‘‘error’’ is used here, since according to the foregoing analysis, the accuracy
of ANCM may be better than that of FEM.

From Table 3 one can see that the values of v̄i,ANCM are very close to those of v̄i,FEM with
a maximum difference less than 2·35%, and the maximum CPU time required by ANCM
is less than 2·31% of that required by FEM. In other words, the ANCM can achieve
accurate natural frequencies of a general constrained plate with various support conditions
by consuming less than 2·31% of the CPU time required by the FEM.

From Figure 6 one can see that the first four mode shapes obtained from the present
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Figure 6. The first four transverse modal displacements w̃i(j, h) (i=1, . . . , 4) of the constrained rectangular
plate obtained from ANCM (——) and FEM (– – – –) for the support conditions (a) SSSS, (b) SSSC, (c) SCSC
and (d) SFSF, located at (i) j=0·375 and (ii) h=0·375, respectively.

method, ANCM (represented by the solid lines), are also very close to those obtained from
the FEM (represented by the dashed lines).

5. CONCLUSIONS

1. For the case of approximately the same accuracy, the analytical-and-numerical-
combined method (ANCM) presented in this paper determines the natural frequencies and
mode shapes of a uniform rectangular plate carrying any number of concentrated elements
with various support conditions by consuming only a few percent (e.g., less than 2·31%)
of the CPU time required by the conventional finite element method (FEM).

2. If n' represents the total mode number taken by the ANCM, then the accuracy of
the lowest n'−1 natural frequencies of the constrained plate obtained from the ANCM
will be acceptable.

3. Despite the fact that only four support conditions (SSSS, SSSC, SCSC and SFSF)
for the ‘‘constrained’’ rectangular plate are studied in this paper, the ANCM is available
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for the determination of the natural frequencies and mode shapes of the ‘‘constrained’’
plate with any other support conditions, the only requirement being that the closed form
solution for the natural frequencies and normal mode shapes of the corresponding
‘‘unconstrained’’ plate is obtainable.
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APPENDIX 1: ELEMENT STIFFNESS MATRIX AND ELEMENT MASS MATRIX FOR
THE ‘‘CONSTRAINED’’ RECTANGULAR PLATE

For a uniform ‘‘unconstrained’’ rectangular plate defined by equations (1)–(7), the
corresponding finite element is shown in Figure A1, where uz , ux , and uy are the element
displacements at point (x, y), Ui (i=1, . . . , 12) are the node displacements at the four
nodes (1, . . . , 4), and a' and b' are the side lengths of the plate element in the x and
y directions, respectively. If the relationship between uz and {u}= {U1U2 . . . U12} is given
by

uz =[az ]{u}, (A1)
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Figure A1. The element displacements (uz , ux , uy) and node displacements Ui (i=1, . . . , 12) of a plate element.

then the stiffness matrix [K'] and the mass matrix [M'] of the plate element shown in
Figure A1 may be obtained from [14]

[K']=gV

[B]T[D][B] dV, [M']=gV

r[az ]T[az ] dV (A2, A3)

where [B] is the strain–displacement matrix, [D] is the elasticity matrix, [az ] is a row matrix
composed of the shape functions, and V is the volume of the plate element.

The element stiffness matrix [K']c and mass matrix [M']c for the ‘‘constrained’’ plate are
the same as those for the ‘‘unconstrained’’ plate defined by equations (A2) and (A3), the
only difference being that the contributions of the translational springs kz,u (u=1, . . . , q)
and the concentrated masses mc,l (l=1, . . . , p) must be added to the associated coefficients
of the element stiffness matrices [K'] and the element mass matrices [M'], respectively. For
example, if there exist a translational spring kz,l on the third node and a concentrated mass
mc,l on the second node of the nth plate element (cf., Figure A1), then the stiffness matrix
[K'(n)]c and the mass matrix [M'(n)]c of the nth plate element take the forms given below:

K'(n)
1,1 K'(n)

1,2 · · · · · · · · · K'(n)
1,12

K'(n)
2,1 K'(n)

2,2
···

[K'(n)]c =G
G

G

G

G

G

G

K

k

···
· · ·

··· G
G

G

G

G

G

G

L

l

, (A4)··· K'(n)
7,7 + kz,1

···
···

· · ·
···

K'(n)
12,1 · · · · · · · · · · · · K'(n)

12,12 12×12

M'(n)
1,1 M'(n)

1,2 · · · · · · · · · M'(n)
1,12

M'(n)
2,1 M'(n)

2,2
···

[M'(n)]c =G
G

G

G

G

G

G

K

k

···
· · ·

··· G
G

G

G

G

G

G

L

l

, (A5)··· M'(n)
4,4 +mc,1

···
···

· · ·
···

M'(n)
12,1 · · · · · · · · · · · · M'(n)

12,12 12×12

where the lower right subscript c for [K'(n)] and [M'(n)] refers to the property matrices of
the ‘‘constrained’’ plate element.
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Assembly of all element stiffness matrices and element mass matrices of the
‘‘constrained’’ plate will define the following eigenvalue equation:

([K]c − v̄2
j [M]c ){w̃}j =0, j=1, . . . , n'. (A6)

By means of the Jacobi method [13], one may determine the natural frequencies v̄j

(j=1, . . . , n') and the corresponding natural mode shapes {w̃}j of the ‘‘constrained’’ plate
from equation (A6). In the last equation, [K]c and [M]c represent the overall stiffness matrix
and the mass matrix of the ‘‘constrained’’ plate, respectively.

APPENDIX 2: EXACT SOLUTION FOR A UNIFORM RECTANGULAR PLATE
CARRYING A POINT MASS

The equation of motion for a uniform rectangular plate carrying a concentrated mass
mc located at x= u and y= v is given by [6]

DE94w(x, y, t)+ [r+mcd(x− u)d(y− v)]
12w(x, y, t)

1t2 =0. (A7)

If the side length in the x direction is a and that in the y direction is b, then the frequency
equation for a SSSS plate is found to be [6]

1=
4mcv̄

2
m,n

DEab
s
a

m=1

s
a

n=1 0sin2 mpu
a

sin2 npv
b 1>$p40m2

a2 +
n2

b21
2

−
v̄2

m,n

DE
r%. (A8)

In this paper, the total mode number taken by the ANCM and the exact solution is
n'=m× n=30; thus equation (A8) reduces to

D(v̄2)=1−
4mcv̄

2
m,n

DEab
s
6

m=1

s
5

n=1 0sin2 mpu
a

sin2 npv
b 1>$p40m2

a2 +
n2

b21
2

−
v̄2

m,n

DE
r%=0. (A9)

From the last equation, one may determine the lowest 30 natural frequencies of the
constrained rectangular plate, v̄i (i=1, . . . , 30).


